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System Identification

1. For noise-free data: Unique identification is possible
under suitable assumptions.

2. For noisy data:

2.1 Stochastic noise models

2.1.1 Assumptions: Known distribution, ergodicity, correlation, dependency, etc.
2.1.2 Methods: Least-squares, maximum likelihood estimation, etc.

2.2 Deterministic noise models

2.2.1 Assumptions: Unknown but bounded.
2.2.2 Methods: Set of consistent systems, and its center, radius, etc.
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Model Class
We consider auto-regressive models of the following form:

y(t+1) ZP,yt+/ ZOju(tJrj)—l-W(t)
Jj=0

e Here u(t) € R™is the input, y(t) € RP is the output, and w(t) € RP is the noise.
e Pic RP*Pand Q; € RP*™ fori={0,...,L —1}andj={0,...,M}.
e We assume that M < L (causality).
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Model Class
We consider auto-regressive models of the following form:
y(t+1) ZP,yt+/ ZO]U(t+j)+W(t)
Jj=0

We call it the true system, and we define:
Ptrue = [PO T PL—l] and  Qtrue = [OO T OM] .

The true system (Pirue, Qtrue) is unknown.
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Data

We collect the input-output data

u(0),...,u(T+M—L), y(0),...

where T > L.
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Data

We collect the input-output data
U(O)a ceey U(T+M - L)v y(O), s ,y(L), s 7y(T_ 1),y(7—),

where T > L. We construct the following data matrices:

[u(0) u(l) - u(T—1)
U= S : :
luM) uM+1) - u(T+M-1L)
[ y(0)  y(1) - y(T—L)
y_ = : o : , and
(=1 y&) - y(T-1)
Vi=[y) yL+1) - y(D)].
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Noise Model

We define  W_ == [w(0) w(l) --- w(T—1L)].

Assumption

The noise matrix W_ satisfies the QMI

-
/ D1y Do |/ >0
Wwh| (@], P W]

for a known symmetric matrix ® with &35 < 0 and ®| P9y = P17 — @12@;21@1T2 > 0.
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Noise Model

We define  W_ == [w(0) w(l) --- w(T—1L)].

Assumption

The noise matrix W_ satisfies the QMI

1] (e @) [ 1] 0
Wr| (@], ol (W]~
for a known symmetric matrix ® with &35 < 0 and ®| P9y = P17 — @12@;21@1T2 > 0.

Examples:  (W_ — Wo)®oo(W_ — Wp)T < &qyl
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Noise Model

For a symmetric matrix IT € R(Pt9)*(P+9) we denote a QMI-induced set by

Zp(Il) == {ZE RP*9 MTH u > 0}.

Using the above notation, the noise model is
WI S ZT—L—H((I))

with Doy <0 and CI)’(I)QQ > 0.

SCO Group, Bernoulli Institute 9/21
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Set of Consistent Systems

A consistent system is a pair of real matrices (P, Q) satisfying
Yy =PY_+0QU_+W_

forsome W' € Zr_; (D).
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Set of Consistent Systems

A consistent system is a pair of real matrices (P, Q) satisfying
Yo =PY_+0QU_ +W_

forsome W' € Zr_; (D).

We define the set of consistent systems as

Yi={(P,Q): (Y —PY_ —QU_)" € Z7_111(®)}.
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Set of Consistent Systems

Defines :=Lp+ (M+1)mand

2 e Tt ’
N:= |0 —Y_ [q>lT1 @12} 0 —v_| .
0 —u_| L7z "2y —yo
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Set of Consistent Systems

Defines :=Lp+ (M+1)mand
2 e Tt T
N:= |0 —Y_ [q)#l (I)“} 0 —v_| .
0 —u_| 712 "= —u-
Proposition

PO ey <« [P 0" €z
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Center, Radius, and Diameter of Sets

For a compact Z¢(N) C RP*¢, the Chebyshev radius is

rad Zg(N) := min max |C—Z|,
CERP*s Ze Z5(N)

the set of Chebyshev centers is

cent Zg(N) :== {C € RP*® : |C — Z| < rad Zs(N), VZ € Zs(N)},

and the diameter is

diam Z5(N) = B Zgneaz)} W |21 — Z3].
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Problem Statement

Given anorm | - | and the input-output data with [Y_] of full row rank

U-
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System Identification

using Energy-Bounded Noise Models

Problem Statement

U ] of full row rank, find

Given anorm | - | and the input-output data with [Y_

1. aChebyshev center,
2. the Chebyshev radius,
3. and the diameter of Z(N).
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Unitarily Invariant Norms

Definition
A matrix norm | - | on C"*™ is called unitarily invariant if

[UmV| = M|

forallM € C"*™ and all unitary U € C"*" and VV € C™*™,
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Unitarily Invariant Norms

Definition

A matrix norm | - | on C"*™ is called unitarily invariant if
[UmV| = M|

forallM € C"*™ and all unitary U € C"*" and VV € C™*™,

Examples : Spectral norm, Frobenius norm, Schatten p-norms, Ky Fan k-norms.
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Unitarily Invariant Norms

Definition
A function g : R” — R, is called a symmetric gauge function if it satisfies the
following properties:

1. gisanorm,

2. g(Px) = g(x) for all permutation matrices P € R™*",

3. g(x1,...,xn) =g(|x1l, ..., |Xnl)-
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Unitarily Invariant Norms

ForM € C™™, let 01(M) > 09(M) > - -+ > Opingn,m} (M) denote its singular values.
We define J( ) [ ( )7 - s Omin{n,m} (M)]T
Also, we define o, (M) := [01(M), ..., 05(M)] ", where p < min{n, m}.
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Unitarily Invariant Norms

ForM € C™™, let 01(M) > 09(M) > - -+ > Opingn,m} (M) denote its singular values.
We define J( ) = [ ( )7 - s Omin{n,m} (M)]T
Also, we define o, (M) := [01(M), ..., 05(M)] ", where p < min{n, m}.

von Neumann’s Theorem (1937)

Unitarily invariant norms are exactly symmetric gauge functions of the vector of
singular values.
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Main Results

Recall that:
2 N Tt i
N= |0 —V_ [#1 12] 0 —v_
0 —u_| P2 P2l iy _y
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Main Results

We partition N as a2 x 2 block-form matrix:

1 v,
N= |0 —vY_ [q)“

0 —U_

] 2]

‘1)12]
D, Do

/
0
0

|

Yy
-Y_
—U_

]
vl

.
[(I)m
Do

1

.

gl

SCO Group, Bernoulli Institute

D)
U5

||

/
T
a8

|

|

Y_
U_

N

Y_
U_

I

18/21



Main Results

Now, let’s define partitions of N as follows:

Ve e ot [P ’
N= 1[0 —v_ [#1 12] 0 —v_
0 —u_| P12 P2l 1y

R

- . [ Niy | Npo ]
T | Nap | Nao
vl [@e] T T
U-| @] [V
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Main Results
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Let | - | be a unitarily invariant matrix norm associated with a symmetric gauge
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Main Results

Theorem
Let | - | be a unitarily invariant matrix norm associated with a symmetric gauge
function g. Then:
1 1
1. rad ZS(N) = g(a[p]((—Ngg)_E) o O‘[p]((N|N22)§))
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Main Results

Theorem
Let | - | be a unitarily invariant matrix norm associated with a symmetric gauge
function g. Then:

1. rad Z5(N) = g(op)((—Naz) %) 0 o) (NIN22) 7).

2. diam Z¢(N) = 2rad Zs(N).

3. —Nyy Noy € cent Zg(N).
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Remarks

e The common center: A Chebyshev center with respect to unitarily invariant
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Remarks

e The common center: A Chebyshev center with respect to unitarily invariant

o a=ononi= ] T 6T (00T )

e Least-squares: The presented Chebyshev center is also a solution to

1
argmin (Ve —PY_ —QU_ — ®15D5," ) (—Pa2) 2 |p.
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Conclusions and Futher Works

Set of systems consistent with noisy input-output data.

Closed-form expressions for Chebyshev center and radius.

For arbitrary unitarily invariant norms.

Future works: Volume of the set; experiment design.
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